
ON A NONSTATIONARY FLOW PROBLEM OF A 
VISCOUS INCOMPRESSIBLE FLUID 

(OS ODNOI NZSTATSIONABNOI ZADACIIB TBCBZNIIA 
VIAZKOI NESZRIMAEIOI ZBIDKOSTI) 

PM Yof.26, fyo.5, 1962, pp. 966-969 

D. V. SHARIKADZE 
(Tbilisi) 

(Received February 3, 1961) 

Let us consider the flow problem of a viscous incompressible fluid be- 
tween two infinite discs. The discs, separated from each other by a dis- 
tance ho. are rotating. The angular velocity of one disc is a function 
of time ol( t), and that of the other is q(t). From the first disc, let 
there be fluid injection at a uniform time-dependent velocity vl( t), and 
from the second disc, at a velocity vz( t). The fluid was initially at 
rest. The solution of this problem in f11 was reduced to nonlinear 
partial differential equations which, (as was pointed out in that paper) 
can be solved numerically. In the present paper the solution of this 
problem is reduced to a system of integral equations which are solved by 
the method of successive approximations. 

In the presence of axial symmetry and the absence of body forces, the 
Navier-Stokes equations in the cylindrical coordinates can be reduced to 
the system of nonlinear partial differential equations [l] 
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Here Vr, Ve, VL are radial, tangential and axial components of the 
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velocity vector. Taking into account the boundary conditions for Vr, Ve+ 
Y E, determined by the nonslip condition and the presence of injection, 

and the initial conditions for IO, v, - absence of the initial velocity - 
we obtain the following boundary conditions: 

w (0, 1) = u‘l (f), w (h, t) = q (I) 

&I~ (0, 1) au. (h , t) 

---F-=-=o &i ’ 
w (y, 0) = 0 

We seek a solution in the form of a sum m( y, t) = F(y, t) + qqy, t) , 

where F( y, t) satisfies Equation (1) with zero right-hand side and the 
boundary conditions (5), while q(y, t) is a solution of Equation (2) 

satisfying the corresponding homogeneous limiting conditions. 

Taking into account the conditions (5), the function F(y, t) is sought 

in the form 

(9) 

We also assume that the function y(y, t) must satisfy the conditions: 

‘lr, (0, f) = w Oh 

Because of these boundary 
yy2( t) can be determined from 
equations 

K, RI, t) = 0, w (Y, 0) = 0 (10) 

conditions, the unknown functions q~~( t) and 
the system of regular Volterra integral 
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The function @(y, t) is a solution of the heat conduction equation 

0 
YY - % = 0. with zero initial conditions and satisfying the boundary 
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conditions 

fD (h, t) - Q, (0, t) -MD, (0, t) = wa (t) - $ h t) = Fl @I 

UI (h, t) - Q, (0, t) -h@, (h, t) = wa (t) - q (h, t) - lpy (h 0 = Fa 0) 
(W 

Let us represent the function G(y, t) in the form 

Then from the boundary conditions for @(y, t) we obtain for the de- 
termination of the functions @ (t) and @,( tf the system of regular 
Volterra integral equations iI f 
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Here 

For the determination of p(y, t) we will utilize the Green’s function 
constructed by Dolidze [2.3,41 

Here 

a=--l, Y QP, a=1, Y>P 

The function g(y, q, t) is a regular solatioa of Equation (7) with 
zero right-hand side, zero initial conditions and satisfying the bound- 
ary conditions 

g (0, v, t) = g, (0, 9. t) = 0, g (h, 1, t) = -s (h Y, q 

g, (h, qt ff = -s, (h, Y, 0, t>o* O<rl<k w 
It can be seen, therefore, that the problem of determining g will 

again be reduced to the solution of a system of regular Volterra integral 
equations. 
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6s the Usual arguments it is easy to show the validity of the follow- 
ing equality C4J 

t 11 0 ‘ 
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0 0 

and, finally. we obtain for sty, f) the following integro-differential 
equation 

a’ (Y, @ = ,,,,.,j,, ~(~~~~,+4ru,)G(y.1.f-r)dl WI 
0 

Let us determine u(y, t) . We represent the solution of the first 
equation in (2) as a sum of two functions 

8 (Y, t) = A QA 1) + B (Y, 1) 

The function A(y, f) satisfies the first equation in (2) with zero 

right-hand side, and the boundary conditions (6). while the function 
B(y, f) is a solution of the equation 
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Determination of the function v(y, t) is reduced to the following 

integro-differential equations [31: 
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The function A(y, t) is represented in the form 
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The first two boundary conditions in (6) will Abe written as 

t 

Al (t) - \ Aa (7) K (t - T) dr = @I (2) , 
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wttere 
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c (22) (I, Al (T) K (6 - z) dt - Aa (1) = q(t) 
0 

Thus, the determination of ut(y, t) and v(y, f) is reduced to a sJrsteB 

of ~ntegro-differeutial equations (26) and (21). Tahing (20) and (21) 
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and differentiating (20) three time8 and (21) once 
sign, which can be easily justified by (17). we ob- 
system: 

(24) 

The equalities (201, (23) represent a system of nonlinear integral 
equations for determination of the functions w, w 

YY l 
Ei 

while (21). (24) 
are a system of nonlinear integral equations for de ermination of V, v 

Y’ 

We shall seek these functions in the form of series 

(n = 0, I, 3) 

(m = 0,i) 

For determination 
recurrence formulas: 

(25) 

of the terms of the series we obtain the following 

a-b am,.+ -=- 
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The convergence of 

Odqvist k#] o 

It is easy to show 
H = const) 

the series is easily proved by the metbod of 

that the following inequalities take place: (h!, 

(27) 

(29) 

For simplicity of presentation we will show the convergence of the 
series 1.25). The proof of convergenoe of (26) is then easily visualized. 
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of (25) aad (28) the rujoraat of the series (25) is 

It is easy to verify that the equality C = CO + Sid( t6)8 is sstis- 
f ied. In observing the inequalit3 2O#%s4 t < 1, re have 

In this case the series (25) converge absolutely sad uniformly for 

finite t. The absolute aad uniform comergence of (26) takes place for 

and since the derived solotions are obtained from (20) and (211 for 

6 = 1. then the series (25) and (26) will Field a soletion if 2Qgffft < 1 

In order to find the pressure it is aecessary to find the functions 

nl(t) and rZ(y, t) which are deterrlned after solution of the problem 

(1) to (8) iron the equations 

These equations are also valid for the discs with a finite radius if 

the radius’R is larg? cwared to the distaace R,, between the discs. For 

discs with a finite radias R >> R,, one can fiad the retarding torqoea 
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